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A theoretical investigation has been made of the effect of a moving interface upon gas-liquid 
mass transfer, where the control of the mass transfer i s  entirely within the gas phase and 
where the control is  distributed between the two phases. An analytical model is proposed for 
laminar interphase mass transfer in infinite media. Computer solutions have been obtained 
for gas-liquid mass transfer in confined phases. A cocurrent moving interface increases mars 
transfer coefficients over what they would be for the same flow rate without interfacial motion. 

Many simple models have been suggested for the anal- 
ysis of mass transfer between immiscible fluid phases. Most 
of these models ne lect the effect of the fluid mechanics 

penetration or surface renewal models are often employed 
of one phase upon 5 t ose of the other phase. For example, 

to describe liquid phase mass transfer near a 
liquid interface (10, 22, 23, etc.) . Such models 
no gradient of velocity in the liquid adjacent to 
face; this is general1 a good assumption, since the viscos- 
ity of a gas is usua r Iy orders of ma nitude less than that 
of a liquid. In situations where 8 e  liquid flows as a 
laminar la er over B solid surface, it is usually presumed 

model is 3/2 the average ve ocity. Strictly speaking this 
is true only when there is zero drag at the interface. When 
there is a relatively high gas flow rate near the interface, 
the drag upon the interface may alter the interfacial veloc- 
ity to an appreciable extent. As is shown below, this factor 
can assume importance. 

Similarly, most models and correlations which have been 
proposed for gas hase resistance in as li uid contacting 

ity (7,19, etc.). At least two theoretica papers have ana- 
lyzed mass transfer near a moving surface (1, 2 ) ;  how- 
ever no concepts obtained from these works have been 
employed for the analysis of experimental mass transfer 
data. The influence of a moving interface is explored fur- 
ther in this paper and in Part 11. 

It is also common practice to ignore the interaction 
between the resistances to mass transfer offered by each 
of two contacting fluid phases, just as the interaction of 
the fluid mechanics is often i nored. The overall resistance 
to mass transfer is usually o B tained from an equation of 
the form 

1 1 H . .  

Y that the r ree surface velocit for use in a penetration 

apparatus ignore t K e influence of the f q -  i ui 8 surface veloc- 

The asterisks denote mass transfer coefficients measured 
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in the absence or suppression of resistance in the other 
phase. Their use in Equation (1) implies that the value 
of each individual phase coefficient is unaltered by changes 
in the coefficient in the other phase. The use of a in Equa- 
tion (1) implies that H and kG/kL are both constant 
across the entire contacting interface. The limitations of 
Equation (1) have been discussed by King (12, 13)  ; its 
applicability to single cocurrent or countercurrent fluid 
exposures is explored further in the present work. 

Although the ensuing discussion is carried out in the 
terminology of mass transfer, it applies as well to heat 
transfer between a gas and a liquid. Mass transfer consid- 
erations are restricted to low concentration levels and low 
net fluxes of mass. Presumably this restriction precludes 
any possibility of dynamic instabilities (Marangoni effect, 
etc.) enterin the analysis. It is also assumed that the fluid 
interface is P ree in the sense that no surfactant layer is 
present to hamper flow. It is found in Part 11 of this work 
that this assumption is obeyed in many systems, but that 
for some cases of horizontal contacting, notably in aqueous 
systems, it is not obeyed. 

Interphase heat and mass transfer in confined systems 
has been considered in a similar fashion by Nunge, Gill, 
and Stein (16 to 18, 20) .  The difference between the 
present work and theirs lies in the motion of the inter- 
face. The present work is concerned with situations where 
there is tangential interfacial motion, such as in direct 
fluid-fluid contacting. The analyses of Nunge, Gill, and 
Stein are concerned with situations where there is no in- 
terfacial motion, such as for heat exchange between fluids 
across a metallic dividing surface. 
Flow Between Flat Plates 

Consider a gas and a li uid in parallel, laminar, strati- 

files for this situation are shown in Figure 1. For general- 
ity it will be presumed that the flow rates of the 
liquid streams can be set independently; this cod  occur 
if, for example, part or all of the impetus for liquid flow 
came from gravity. The two phases may be in cocurrent 
flow ( U G m  and U L ~  both positive) or countercurrent flow 
( U G m  and U L m  with different signs). 

fied flow between two para x el flat plates. The velocity pro- 

8" and 
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t- L 
Fig. 1. Flow and interphase mass transfer between two flat plates. 

The equation of motion may be solved for this two- 
dimensional case with the boundary conditions of zero 
velocity at y = +b and -8, U G  = UL at y = 0, and 
J L L G ( ~ ~ G / ~ Y )  = pL(dUL/dy)  at y = 0, giving 

UG -= 
UGm 

(3)  
The ratio of the surface velocity to the average liquid 
velocity is 

bpL UGm 

-=- uo 3 (,,+-I ULm <2+4 (4) 
ULn, 2 

Thus the surface velocity is 3/2 the average liquid veloc- 
ity only if UGm = ULm. For cocurrent flow with Ucm > 
UL,, Uo > - ULm; for cocurrent flow with UGm < ULm 

or for countercurrent flow, Uo < - ULm. 

For many systems used in mass transfer pL is about 
fifty times pG. If 8 = b, U G ~  = - U L ~  will correspond to 
Uo = 1.44 ULm, U G ~  = 2ULm will correspond to Uo = 
1.53 UGm, and UGm = 10 ULm will correspond to Uo = 
1.76 U L ~ .  The changes in the ratio of surface velocity to 
average liquid velocity become more severe as the gas 

ase becomes thinner in relation to the liquid. Thus for 

previous situations become 1.23, 1.64, and 2.00, respec- 
tively. 

For the special case of true horizontal two-phase flow, 
the pressure drop serves as the sole impetus of flow for 
both gas and liquid. A derivation similar to that given by 
Bird et al. (3) yields 

3 
2 

3 
2 

P /8 = 0.2 and p L / p G  = 50, the ratios for the three 

and 
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uo 6 ( 1 + % )  

s2cy: + 3  
6 

4 - + -  
b b L  

The interfacial velocity is 3/2 the average liquid velocity 

only if 8 2 p ~  = P ~ L .  If s 2 p ~  > b2pL, UO < - 2 U L ~ ;  and 

if P ~ G  < b2pL, Uo > - ULm. For phases of equal thick- 

ness with p~ = 50 p ~ ,  UO = 1.71 ULm- 

3 

3 
2 

PHASES OF I N F I N I T E  E X T E N T  

For mass transfer during brief exposures of a gas and a 
liquid in confined flow, it is permissible to consider only 
the region very near the interface and to neglect the ef- 
fect of the confining walls upon the mass transfer process. 
The following sections will consider mass transfer between 
gas and liquid phases which are in fully developed cocur- 
rent parallel flow and are infinite in extent. Cases consid- 
ered include gas phase-controlled mass transfer, 

case where the resistances of both phases are important. 
Even though the models consider phases of infinite extent, 
they are applicable to many cases of confined flow. The 
extent to which unconfined models are applicable to con- 
fined cases is discussed below. 

Gas Phase-Controlled Mass Transfer 
The velocity profile near the gas-liquid interface may 

be taken to be linear for cases of brief exposures where 
the concentration changes due to mass transfer do not 
penetrate the gas deeply. A general model for the mass 
transfer process in this situation is shown in Figure 2. 

phase-controlled mass transfer, and the general 

In this case the velocity profile is 

U G  = UO + ay (7)  
Therefore the diffusive transport equation reduces to 

with the boundary conditions 

at y =  0 CA = CAS 

(9) x =  0 c A =  CAO 

y =  00 c A =  CAO 

This problem has been solved by Beek and Bakker ( 2 )  by 
Laplace transformation. Two asymptotic solutions were 
found for the local mass transfer coefficients based upon 
the initial driving force. For short exposures (a2& x/UoS 
<< I ) ,  the solution is 

while for long exposures (@DG x/U03 >> 1) 

cA= A. w Slope = a  
Gos 

Fig. 2. The Beek and Bakker model for mass transfer to an infinite 
medium with an interfacial velocity. 
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[ 1 + 0.375 (x)'"] LT~DGX (11) 

Beek and Bakker used interpolation to approximate the 
solution in the intermediate region (a2DcX/Uo3 on the 
order of the 1) .  An exact solution in this region is desir- 
able because it must be used in estimating average mass 
transfer coefficients for all but the shortest exposures. A 
numerical digital computer solution was made of the 

roblem by using a Crank-Nickolson six-point implicit 
Formula to approximate the parabolic partial differential 
equation. It was necessary to calculate local mass transfer 
coefficients by means of a numerical differentiation of the 
concentration profile at the interface. An unsymmetrical 
five-point formula provided the necessary accuracy. It 
was found that the correct solution in the intermediate re- 
gion is the one shown in Figure 3 as a solid line. The 
hatched curves are the asymptotic solutions [Equations 
(10) and ( l l ) ] .  The exact solution lies below the two 
asymptotic solutions rather than between them, as was 
originally estimated by Beek and Bakker (compare Figure 
3 of reference 2). 

For short exposures, where the slope in the velocity 
profile becomes unimportant compared to the interfacial 
velocity, the solution approaches the penetration model: 

For higher values of the abscissa, where the interfacial 
velocity is small compared with velocities a short distance 

in the gas, the solution approaches the Leveque 
mo aw7 el for transfer from a stagnant surface into a fluid 
with a linear velocity profile: 

In the intermediate region, however, the mass transfer 
coefficient is higher than predicted by either of these two 
limiting models. Near an abscissa of 1.0 both limiting 
models are in error by 30%. The physical basis for this 
behavior is clear enough: The penetration model allows 
for the interfacial velocity, but neglects the increased 
convective removal of mass resulting from the increase in 
velocity with distance away from the surface. The Le- 
v&que model allows for the increase in velocity with dis- 
tance away from the interface, but neglects the convective 

--q 

- 

0.3' 
0.0 I 0. I I .o 10.0 100.0 

Fig. 3. Solution for mass transfer to on infinite medium with an 
interfocial velocity: - - - asymptotic solutions, - 

exact solution, - - - limiting solutions. 

a*Bt[,x/ UX 

-4 . - 
0.5 

$ - 
~ 0.4 
Y 

0.3 
lo3 I d2 16' I 

a2S, x / U: 

Fig. 4. Solution for mass transfer to a phase with a negative slope 
in the velocity profile: - - - asymptotic solution, - 

penetration model. exact sofution, - - - 

removal of mass resulting from the finite velocit at the 

tration and Leveque models underestimate the mass trans- 
fer coefficient. 

The Beek and Bakker model assumes that the slope of 
the velocity profile in the medium in question is positive. 
There are a number of situations where the slope is nega- 
tive, and therefore it is of considerable interest to carry 
through such a solution. Strictly speaking, one may not 
postulate an infinite phase for the case of a negative slope 
of the velocity profile, since a flow reversal must occur at 
some distance from the interface. This in turn would 
necessitate the provision of initial concentrations at both 
ends of the exposure (at x = 0 and x = L in Figure 2).  
However, if the value of U ~ D , X / U , , ~  is sufficiently small, 
the solution should not be sensitive to the flow reversal. If 
we carry out the soIution for a short-exposure asymptote, 
the result is 

interface itself. Therefore, it is logical that both t K e pene- 

For any physically significant case the long-exposure 
asymptote with Equation (9) as boundary conditions is 
meaningless. It is evident that E uation (14) is a mirror 

Equation (14) is shown as the hatched line in Figure 4. 
The dotted line is the penetration model, while the solid 
line is the exact solution of this problem, which was car- 
ried out numerically by computer methods. 

The solution for a negative velocity gradient allows 
some qualitative remarks concerning two important situ- 
ations. In most cases where a gas and a liquid are in co- 
current motion, the gas is moving sufficiently quickly to 
cause some drag upon the liquid interface, which in turn 
causes a small negative slope in the liquid phase velocity. 
With this solution we are able to say that if the value 
of a2DLx/Va3 is less than the penetration theory is 
obeyed to within 2 % . The other important case is when a 
gas and a liquid are in countercurrent flow. Here there 
will be a negative slope in the velocity profile in gas at  
the interface. While Equation (14) is invalid for most 
countercurrent problems, it is interesting that the solution 
does predict that the negative slope causes a decrease in 
the mass transfer coefficient. This fact was confirmed ex- 
perimentally in Part I1 of the present work. Equation 
(14) could not be a plied directly in that study, since the 
flow reversal p laye lan  important role in all the experi- 
ments. 

Liquid Phase-Controlled Moss Transfer 
Strictly speaking, a model similar to that developed for 

the gas phase would apply to the mass transfer resistance 

image of Equation (10) about 1 t e penetration solution. 
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of an adjacent liquid. However, since the drag of the gas 
on the liquid is relatively small and since liquid diffusivi- 
ties are low, one is almost invariably located on the 
penetration asymptote of Figure 3. Hence, no features of 
the liquid velocity profile need be considered for mass 
transfer purposes aside from the velocity of the interface 
itself. If a liquid with a constant velocity Uo is exposed 
to a medium which imparts to its interface a constant con- 
centration different from that in the entering bulk, the 
transport equation reduces to 

The local mass transfer coefficient based upon the initial 
driving force will be 

k c L  = ( D L U o / m )  (18) 
For flow between parallel plates Uo would be calculated 
by means of Equation (3) .  This form of the penetration 
model has been shown to be appropriate in many liquid 
phase-controlled situations (8, 21, 23, etc.) . 
lnterphase Mass Transfer 

A model for interphase mass transfer in fully developed 
flow is shown in Figure 5. Two infinite phases-a gas with 
an interfacial velocit Uo and a velocity profile with a 
constant slope a, a n 8 a  liquid with constant velocity Uo 
-are contacted for a length L. The convective transport 
equation for the gas phase is the same as Equation (S) ,  
while in the liquid phase the equation is the same as 
Equation ( 15). The boundary conditions are 

At x = O  Y > O  C G = C G O }  (17) 

At y = + ~  
x = o  y < 0 CL = CLO 

Y = - W  CL = CLO 

The interfacial conditions at y = 0 are 

CG = 51 CL (20) 
The first equation is the continuity of fluxes across the in- 
terface, while the second is the assumption of Henry’s law 
as the equilibrium interfacial condition. The constant H is 
dimensionless ( H / R T )  . 

The problem is solved by Laplace transformation. In 
the Laplace domain the liquid phase solution is the solu- 
tion for penetration into a stream with constant velocity 

where s is the Laplace transform variable and A is a 

G a s  
d 

WO? 

Fig. 5. Model for interphase mass transfer with control distributed 
between gas and liquid. 

constant to be determined by the application of the in- 
terfacial conditions. 

The gas phase solution is carried out by the same 
method as the solution of Beek and Bakker (2 ,  5 ) .  The 
solution in the Laplace domain to this portion of the 
problem is 

where 6 is a constant. The two constants A and 0 are 
obtained by the simultaneous application of the two in- 
terfacial conditions [Equations (19) and (ZO)] to the 
solutions in the Laplace domain. 

AC 0 = - -  
S 

(27) 

(28) 

CGO 
&=--  CLO H 

2 
2 = - f s1/2 

3 

It  is obvious that concentration profiles would be quite 
difficult to generate, As a result only a solution for the 
mass transfer coefficient is sought. The local overall mass 
transfer coefficient based on the initial driving force is de- 
fined in the Laplace domain as 

and 

and is found to be 

No simple general solution is available for this problem. 
However it is possible to find asymptotic solutions for 
short and long exposures. For large values of Z, the fol- 
lowing simple form may be given to the Bessel’s function 
of the second kind: 

L 

(31) 
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where R, and S, are series in n and x given b Carslaw 

solution and the binomial in the denominator is expanded 
in a series, the result is 

and Jaeger ( 6 ) .  If this approximation is inclu B ed in the 

1 2  
% o = L  a [ (f) +(:+A)(,) 

455 ”> ( f> l  + . . . . ]  (32) 
where 

y = 2 .NUo2/3 a 
a = u N + l  

8 =  } (33) 5-7 (a .N+  1) 
72 

This series may be inverted term by term. The overall 
mass transfer coefficient based upon the gas phase is 

Rearrangement gives 

The solution for low values of z is not quite as satis- 
factory. For small values of x 

K p ( x )  = 2”-’ ( p -  l)! x-p (36) 

For this case Equation (30) becomes 

(37) 
where 

A solution is difficult in this case so that we seek a solution 
only for the situation where 

UH > F zY3 
Let 

F = 2-’i3(- 2/3)f/(- 1/3)! (38) 

Us1 
F 

7 = -  

Then if 
z1/a/r << 1 

KCG = (1 - ~1/3/7 + z 2 / 3 / 7  . . . .) - 
(39) 

The solution is inverted and rearranged. Finally the coeffi- 
cients are evaluated, resulting in 

The results of this solution are shown graphically in 
Figure 6. A presentation of &G(X/UODG)’/~ as a func- 
tion of a2D~x/Uo3 is made for different values of the 
parameter uH. The solid Iine represents the analyticaI 
solution, while the dotted line shows results of a com- 
puter solution of the same problem in the regions where 
the analytic solution is not valid. This computer solution 
is discussed in detail elsewhere ( 5 ) .  

t I i 
-- uw= 2.0 

lo-) ’ “ “ “ l  ’ p l ” ’ l ’  ’ 1 ” 1 1 ’ 1  ’ l i ’ ’ l i  I ” “ ”  

1 0 - 2  10-1 10 1 0 2  10’ 
O ‘ O O x / u O ‘  

Fig. 6. Interphase mass transfer solution for unbounded media: - analytic solution, - - - computer solution. 

King (12) has shown that the addition of resistances 
principle [Equation (1) J should be closely obeyed for co- 
current flow. This will be particularly true to the extent 
that the independently measured individual phase mass 
transfer coefficients tend to vary with the same power of 
the distance since the start of an exposure. The addition 
of resistances principle should therefore be effective 
for the prediction of the results shown in Figure 6, since 
for liquid phase-controlled mass transfer the coefficient 
varies as x - ~ ’ ~ ,  while for gas phase-controlled mass trans- 
fer, the coefficient varies as x - ~ / Z  for very short times 
with the exponent increasing toward -1/3 at longer times. 

Addition of resistances for the independently measured 
local coefficients at all points yields 

(41) 
The penetration model is employed for the liquid phase, 

and the gas phase mass transfer group k C G  

taken from Figure 3. 
The solution using the additivity of resistances was 

compared with the analytical solution where it is applic- 
able and the computer solution in the remainder of the 
re ion. It was found that the deviations of the additivity 

unity, that is, where control is evenly divided between 
phases. Also the deviation tends to increase as a2D~X/Uo3 
increases, but the maximum deviation is less than 2% for 
any reasonable value of the length group (<lOO,OOO) . 
The use of the addition of resistances with average coeffi- 
cients is similarly effective. 

CONFINED PHASES 

Interphase mass transfer situations generally involve 
confined fluid phases; hence it is important to analyze 
the rates of mass transfer which are to be expected in 
confined flows. Such analyses are particularly needed for 
the interpretation of the experimental measurements re- 
ported in Part 11. The prediction of mass transfer coeffi- 
cients is simpler for fluids of infinite extent. It is there- 
fore important to compare the unbounded models with 
the corresponding confined flow solutions in order to 

- 
(DIU0 >,,’ is 

so P ution were greatest in the region where aH is near 
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identify the degree of equilibration or duration of surface 
exposure for which the former are valid. 

Mass Transfer Controlled by a Single Phase 
The hydrodynamic simplicity of laminar flow in a circu- 

lar tube made the prediction of mass and heat transfer 
coefficients for that case a relatively simple task. Since the 
original solution by Graetz (9) for uniform walI tempera- 
ture or concentrations, there have been several solutions 
made of this problem for various boundary conditions. 
Mass transfer to laminar flow between two infinitely wide 
flat plates is similar to the Graetz problem. The constants 
generated by this solution are of course somewhat differ- 
ent from those in the original Graetz solution. 

The problem of mass transfer to a stream flowing be- 
tween two flat plates has been solved by Butler and 
Plewes ( 4 )  for the case of a constant solute concentration 
at one wall, different from that in the entering fluid stream, 
and a zero flux at the other wall. A modification of their 
velocity profile is needed for the present study. The wall 
at which the mass transfer takes place is a fluid interface 
which is in motion with a velocity UO relative to the fixed 
wall. The physical situation is illustrated in Figure 7. The 
fluid enters with a solute concentration CAO and is con- 
tacted with an immiscible fluid which holds the concentra- 
tion at the interface constant at C A ~ .  The velocity profile 
may be expressed as 

U G = ~ O +  (6Ucm-44uo) y/b+ ( ~ U O - ~ U G ~ )  (5) 
The profile is also applicable to the liquid, in which case 
UL is expressed as a function of UO, UL,, and y/& The 
transport equation for this case may be written nondi- 
mensionally as 

2 

(42) 

ac a2c 
dX aY2 

[1 + (6V - 4)Y + (3  - 6V)Y2] - = - (43) 

The boundary conditions are 

x = o  c=o 
Y = O  C=l (44) 
Y = 1 ac/ar = o  

The velocity profile is parabolic and the problem could 
be solved by a method of separation of variables in the 
same way as Butler and Plewes solved for the case of zero 
interfacial motion. The present situation must be solved 
for a wide range of values of the arameter V. As a result, 
the generation of constants was found to be impractical, 
and the equation was solved directly on the computer for 
seven values of the parameter V = U,/Uo. These range 
from 0.5 to 100, the latter figure being essentially equiv- 
alent to the solution of Butler and Plewes. Equation (43) 
is a arabolic partial differential equation and therefore 
may !e put in finite-difference form by the application of 
the Crank-Nicholson six-point implicit formula. The re- 
sulting tridiagonal matrix may be solved directly by a 
Thomas method (14) and corrected by means of a Gauss- 
Seidell procedure with a successive overrelaxation factor 

Fig. 7. Mass transfer to a fluid in laminar flow between two parallel 
walls, one of which is in cocurrent motion. 

I I 1 1 J 
0.32 0.64 0.96 1.28 I .60 

Graetz ,number (DL/U, b21 

Fig. 8. Mean fraction saturation as a function of the Graetz num- 
ber for different values of the parameter U d U o .  

used. A listing of the Fortran programs written for this 
solution along with all the other programs mentioned in 
the present discussion may be found elsewhere ( 5 ) .  

The results were given directly in the form of graphs 
on the digital plotter. Figure 8 shows the average (cup 
mixing) fraction saturation [(CA - CAo)/(CAs - CAo)]Av, 
as a function of the Graetz number DGx/U,bz for the 
seven values of the parameter U,/Uo which were consid- 
ered. The solution was verified by comparison with the 
two pertinent analytical solutions available. The solution 
by Butler and Plewes almost perfectly matched the solu- 
tion for the highest value of U,/Uo (100) over the entire 
range for which the former is valid. Pigford (11) has 
solved for the case of li uid flow down a plane, where 
V,/Uo is 2/3. Again in %IS case the present solution al- 
most perfectIy matched the earlier solution from a frac- 
tion saturation of 0.20 to 1.00. At values of the average 
fraction saturation below 0.2, insufficient terms are avail- 
able for the analytical solution. 

The effect of the interfacial velocity upon the mass 
transfer process is uite clearly shown in Figure 8. For 

U ,  is kept constant and the interfacial velocity Uo is al- 
a given system, if t 1 e average velocity of the gas phase 

3.0 

. _. 

I 1 

- 3.0 
- 4.0 - 3.0 -2.0 -1.0 0 1.0 

Log,, (Groetz number) 

Fig. 9. A logarithmic representation of the local Sherwood number 
as a function of the Graetz number for different values of the 

parameter Um/Uo.  
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lowed to increase from zero to a high value, one moves 
vertically upward on the graph. It is obvious that there 
is a considerable increase in the mass transfer coefficient 
merely because of the fact that the interface is in motion. 
For example at a Graetz number of 0.32, the average frac- 
tion saturation corresponding to no interfacial motion (V  
= 100) is 0.58, while for V = 0.5 this increases to 0.78. 

The local Sherwood number (Nusselt number for mass 
transfer) based upon the initial driving force was com- 
puted, using an unsymmetrical five-point formula to esti- 
mate the local mass transfer flux. For very short exposures 
numerically estimated derivatives are inaccurate, and 
therefore only values of the Sherwood number for values 
of the Graetz number greater than 10-4 are shown in Fig- 
ure 9. This figure is a logarithmic plot of the local Sher- 
wood number as a function of the Graetz number, for the 
same seven values of the velocity parameter. The curves 
cross at a Graetz number of about 0.2, since at higher 
interfacial velocities saturation is achieved at a lower 
Graetz number. The fact that the curves all cross at one 
point appears to be a coincidence. 

Y/b 
fig. 10. Concentration (CA - CAO/CA$ - CAO) as a function of 
distance from the interface with U,/Uo equal to 2/3 for the 

values of the Graetz numbers listed below. 

No. of curve Graetz No. 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
1 1  
I2 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 

0.0005 
om1 
0.002 
0.004 
0.008 
0.01 6 
0.032 
0.048 
0.064 
0.080 
0.096 
0.112 
0.128 
0.144 
0.16 
0.24 
0.32 
0.40 
0.48 
0.56 
0.64 
0.72 
0.80 

Finally, concentration profiles were generated for all of 
the values of Um/Uo mentioned above. Figure 10 is a 
typical set of profiles for U,/Uo = 2/3. The profiles for 
the other cases are reported elsewhere ( 5 ) .  The dimen- 
sionless concentration C is plotted as a function of the 
fractional distance from the interface with the Graetz 
number as a parameter. This series of profiles is of par- 
ticular interest since it is the solution to mass transfer into 
a liquid flowing down a plane where there is no drag 
upon the interface. For this case, it is normal to use the 
penetration model in the estimation of the mass transfer 
coefficients and concentration profiles. When the exact 
solution is compared with the penetration model, it is 
found that the latter is a close approximation up to an 
average fraction saturation of about 0.60 for estimating 
the average mass transfer coefficient. The concentration 
profiles are in agreement up to a Graetz number of 0.04. 

Another comparison which is of interest is between the 
infinite phase model with a positive slope in velocit and 
the confined flow solution. For this comparison a va 7 ue of 
Um/Uo of 2.0 was chosen for the confined case. The con- 
centration profiles coincide only up to a Graetz number 
of 0.01 (average fraction saturation of 0.125). On the 
other hand, the average mass transfer coefficient was valid 
to within 10% up to a Graetz number of 0.2, which rep- 
resents an average fraction saturation of about 50%. 
Interphase Mass Transfer 

When a third component passes from a solvent to an 

era1 distributed between the two phases. In the anaytic r- inert carrier gas, the resistance to mass transfer is in 

solution to the unbounded problem it was found that the 
degree of control which is resident in either phase is de- 
pendent upon the parameter ( D G / D L )  ( H / R T )  . In the 
confined flow case this group serves the same purpose. The 
convective transport equation was solved for two different 
cases of confined interphase mass transfer. The experi- 
mental study which accompanied this theoretical work 
had the geometry shown in Figure 1. Therefore, the first 
solution involves transfer between two confined phases, 
both of which have parabolic profiles. The partial differ- 
ential equations for both phases may be put into finite- 
difference form by means of a Crank-Nicholson formula. 
Henry’s law is used to describe the equilibrium relation- 
ship at the interface. This assumption, along with the 
equality of fluxes [Equations (19) and (20) ] is used to 
define the connection between the two phases at the inter- 
face. The resulting tridiagonal matrix is solved by the 
usual techniques. In the case where both phases have 
parabolic profiles in velocity, three independent parame- 
ters are necessary to define the problem. Therefore, a 
general solution is not pragmatic. The experimentally im- 
portant cases were solved with this model, while the gen- 
eral solution was carried out with a simplified velocity 
profile. The three independent parameters necessary to 
define each case may be reduced by one if a constant 
velocity equal to the interfacial velocity is assumed in the 
liquid phase. Since the effect of the mass transfer pene- 
trates to only a small fraction of the total liquid depth, 
this assumption is almost always applicable. The two re- 
maining independent parameters are the velocity param- 
eter U,/Uo and the control arameter (DG/DL)1/2 ( H /  

the control parameter (5 ,  2, 1, 0.5, and 0.25). Figures 11 
and 12 are the results for u51 = 1. The other results are 
also available (5).  Figure 11 resents the local Shenvood 
number based upon the initia f driving force as a function 
of the Graetz number. Figure 12 shows the average frac- 
tion saturation as a function of the Graetz number. 

This solution provides an opportunity to compare the 
predictions of the addition of the resistances principle 
with the exact solution for a cocurrent laminar confined 

R T ) .  This problem was solve s for five different values of 
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1 1 - -2.00 ' I 1 
- 3.0 - 2.0 - 1.0 0.0 I .o 

Log,o ( Graetz n u m b e r )  

Fig. 11. Local Sherwood numbers as a function of the Graetz num- 
ber for different values of the parameter U,/Uo with a H  = 1.0 

for a model with a confined gas and an infinite liquid, 

flow case. Most other such comparisons have been made 
for models in which there are infinite media (12, 13, etc.) . 
One comparison which does exist for confined media pic- 
tures a countercurrent turbulent confined phase to which 
the film model is applied (15 ) ;  another considers two 
confined streams in cylindrical ( 1 7 )  or flat plate (18 )  
geometry with no interfacial motion. In the present solu- 
tion it is interesting to ascertain whether the effect of the 
penetration of the mass transfer to the wall may b e y p -  
erly predicted by the addition of the two indepen ently 
measured individual resistances. For the gas phase re- 
sistance the confined flow case with a moving interface 
is used, while the penetration model is chosen to describe 
the liquid phase behavior. The addition of the resistances 
principle was applied to predict local and average Sher- 
wood numbers for the interphase mass transfer case. For 
the sake of comparison, values of UH of 1 and a velocity 
parameter of V = 4 were chosen. These probably repre- 
sent the most severe test of the addition o the resistances 
principle. The ratio of the predicted and actual Sherwood 
numbers is shown in Figure 13. The solid curve repre- 
sents the comparison of local Shenvood numbers as a 
function of the Graetz number, with the Shenvood num- 
bers based upon the initial driving force ( HCLO - CCO) . At 
low Graetz numbers the situation reduces to the problem 
previously analyzed for phases of infinite extent. As has 
already been noted, the addition principle works well in 
this range. At Graetz numbers above 0.5 the addition of 
resistances rediction becomes increasingly erroneous. In 

phase-controlled case; this necessarily causes the individual 
gas phase Sherwood number based on the initial driving 
force to drop toward zero and causes the predicted overall 
coefficient to follow. In the interphase case the 
is, less saturated at a given Graetz number an the true 
overall coe5cient remains high. 

Because of this behavior one might expect that the ad- 
dition principle would work better if applied to local 
Sherwood numbers based upon the local driving force. 
Such a comparison is also given in Figure 13, with cup- 

this range t R e gas phase approaches saturation in the gas 

cr phase 

I I I I I I 

I 1 I 1 
O d  0.32 0.64 0.96 1.518 1.60 

Graetz  number 

Fig. 12. Average fraction Saturation as a function of the Graetz 
number for different values of the parameter U d U o  with uH = 

1.0 for a model with a confined gas and an infinite liquid. 

mixing concentrations used as drivin forces. In this case 

coefficient at hi h Graetz numbers. This is at least partially 

zero at lower Graetz numbers for the individual gas phase 
resistance than for the overall resistance to mass transfer. 

Also shown in Figure 13 are comparisons for predicted 
and actual values of the average Sherwood group. The 
average Sherwood group based upon the log mean driving 
force exhibits a deviation from the addition principle 
which is similar to that for the local Sherwood number 
based on the local driving force. The average Sherwood 

based on the initial driving force, on the other EZ shows agreement with the addition principle to a 
Graetz number of 2. This form of Sherwood group weights 
the initial mass transfer highly; it has already been shown 
that the initial mass transfer follows a penetration model 

the addition principle predicts too E igh a mass transfer 

caused by the s act that the local driving force approaches 

Fig. 13. A comparison of the exact solution for 
interphase mass transfer from an infinite liquid 
phase to a confined gas phase with the re- 
sults of the addition of resistances model for 
U,/Uo equal to 4 and u?j! = 1.0. - 
local Sherwood number based on initial driving 
force, - - - average Sherwood number based 
on initial driving force, - - - 
local Shemood number based on local driving 
force,- - - - average Shemood 
number based on logarithmic mean driving 

force. 

Vol. 13, No. 4 AlChE Journal Page 635 



in both phases and thus gives average overall coefficients 
which a ree well with the addition principle. Thus, the 

that corresponding to the dashed curve in Figure 13: 
preferre % form of application of the addition principle is 

(45) 

where the mass transfer coefficients are based on the 
initial driving force and are averaged over the exposure. 

CONCLUSIONS 

1. In many instances of gas-liquid mass transfer it is 
important to allow for the effects of the interaction of 
the fluid mechanics of the contactin 

liquid phase will follow a penetration model closely, but 
the surface velocity to be used in the model may be 
greater or less than 3/2 the average velocity. 

3. Gas phase mass transfer in cocurrent, laminar, gas- 
liquid flow is influenced by the interfacial velocity. For 
well-developed flow with phases of infinite extent, the 
mass transfer coefficient is given by Figure 3 and is greater 
than predicted by either the Lev&que or penetration 
models. 

4. The effect of confining walls on cocurrent, laminar 
gas-liquid mass transfer causes mass transfer coefficients 
to be less than those given by Figure 3 for the gas and 
less than those given by the penetration model for the 
liquid. These effects become important above 50% equili- 
bration of either phase. 

5. The addition of the resistances principle should work 
well for gas and liquid phases of infinite extent (brief 
exposures) in cocurrent, laminar flow. For confined phases 
the most effective form of the addition principle is that 
given by Equation (45). 

phases. 
2. In most cases of laminar gas- ? iquid contacting the 
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NOTATION 

a 

u 
b 
c 

C 

D = diffusion coefficient, sq.cm./sec. 
F 
H 
H 
kc 

K 
K ,  

L 
la = index of series 

i 
(OK.) 

R n  
s = Laplace transform variable 
Sn 
T = absolute temperature, O K .  

= slope of the velocity of a phase at the interface, 

= area of mass transfer exposure, sq.cm. 
= thickness of gas phase, cm. 
= concentration of a transferring component in a 

= dimensionless concentration, ( CA - CAD) / ( CAS - 

sec.-l 

phase, Ac = 5 1 ~ ~ 0  - CGO, g.-moles/cc. 

C A O )  

= constant as defined in Equation (38) 
= Henry’s law constant, (atm.) (cc.) /g.-mole 
= dimensionless Henry’s law constant, H / R T  
= local mass transfer coefficient based upon the ini- 

tial concentration driving force, cm./sec. 
= Bessel function of the second kind 
= overall mass transfer coefficient based upon the 

= length of exposure, cm. 

= order of the Bessel function 
= universal gas constant, (atm.) (cc.) / (g.-mole) 

= remainder series as defined in reference 6 

= remainder series as defined in reference 6 

initial concentration driving force, cm./sec. 

Uo = interfacial velocity, cm./sec. 
V = velocity parameter, UJUo 
x 

y 

Y = y / b  
z = 2/3 1: s1I2 

Greek Letters 
€7 = u 5 1 + 1  
fl  
y = 251 Uo2/3a 
6 
5 = ( U03/a2DG)1/2 
e 
h 
~ . l  = viscosity, g./(cm.) (sec.) 
u = (DG/DL)’/’ 
r = u H / F  
Subscripts 
A = of component A 
AV = average 
C 
G 
L 
rn av.efay 
o - initial y 
s = at the interface 
Superscript 
* 

= distance from start of exposure, cm. 

= direction and distance perpendicular to the inter- 
x = DGX/UOb2 

face, cm. 

= [5 - 7 ( ~ 5 1  + 1)]/72 

= thickness of the liquid phase, cm. 

= constant as defined in Equation (20) 
= constant as defined in Equation (25) 

= based upon concentration difference driving force 
= of the gas phase 
= of the liquid phase 

= measured in the absence or suppression of resist- 
ance in the other phase; average value over en- 
tire interface 
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